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312 PROBLEMS AND SOLUTIONS. [Sept., 

2783. Proposed by C. C. BRAMBLE, U. S. Naval Academy. 

Two players A and B take turns throwing a single die, A leading. The one first making a 
score of 3 aces is to be the winner. Find the probability that A will win. 

416 (Algebra) [May, 1914]. Proposed by C. e. FLANAGAN, Wheeling, Va. 

The sides of a given rectangle are a and 6 in which a rectangle is to be inscribed one of whose 
sides is c. Find the other side, using Euler's rule for quartics. 

353 (Calculus) [February, 1914]. Proposed by B. P. LOCHNEB, Philadelphia, Pa. 

The center of a sphere, radius R = 5 inches, is a = 10 inches above the surface of a sphere, 
radius 12J inches. There is a point of light at 6 = 1 inch horizontally from a point c = 10 inches 
vertically above the surface of the first sphere. What is the area of the shadow which the upper 
sphere casts on the lower one? 

287 (Mechanics) [February, 1914]. Proposed by W. H. dbane, Lebanon, Tenn. 

While sitting in an empaled enclosure, I noticed that the spokes of the wheels of passing 
automobiles, when viewed through the pickets of the fence, appeared to revolve more slowly 
than they really did, and in some instances even appeared to be revolving in a direction opposite 
to that in which they were really turning. Explain this optical illusion. 

202 (Number Theory) [December, 1913]. Proposed by a. b. schweitzer, Chicago, EI. 

There exists an infinitude of systems of dyads ( a/3} in 7, 9, 11, etc., elements such that each 
system has the following properties: (1) if ap is in the set, then Pa is not in the set; (2) for each 
dyad ap in the set there exists an element f such that £/3 and a£ are also in the set. For example, 
such a system is, 
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Investigate the existence of 

I. A finite set of triads {a/37} such that (1) if a/87 is in the set, then Pya, yap are also in the 
set but Pay is not in the set; (2) for each triad aPy in the set there exists an element £ such that 
£87, <*f7, <xPt are also in the set. 

II. A finite set of tetrads {aPyS} such that (1) if aPyS is in the set, then PyaS, yaPS, ySaP 
are also in the set but PayS is not in the set; (2) for each tetrad aPyd in the set there exists an 
element £ such that iPyS, a(y8, ap%8, aPy( are also in the set. 

The problem for alternating n-ads for n > 4 is obvious. 

SOLUTIONS OF PROBLEMS. 

2699, 2710 [May, June, 1918; April, 1919]. Proposed by the late B. E. MOORE, University 
of Wisconsin. 

If au w denotes the fcth term of an arithmetic progression of order r, and c* denotes the fcth 
binomial coefficient in the expansion of (a — b) n (n being a positive integer), show that 

n+l 

s si 2 c*a* (r) = 0, if n > r. 

4=1 

II. Solution by A. Pelletieb, Montreal, Canada. 

The terms of the arithmetic progression may be expressed in the usual form as follows: 
a, a + Ai, a + 2Aj + A 2 , a + 3Aj + 3A 2 + A 3 , 
We have to prove that 
Coffl + Ci(o + A0 + c 2 (a + 2Ai + A 2 ) + c s (a + 3Ai + 3A 2 + A 3 ) 



+ ---+c n (a + nA 1 + w(ra i2 1) A 2 +---)=0, 
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or that 

o[Co + Ci+ Ct + C S + •■■ + Cn] 

+ Aitd + c 2 -2 + c 3 -3 + • • • + c n -n] 

+ A 2 [c 2 + c 8 -3 + c 4 -6 + • • • + c n n -^=-- ] - ] 

+ A k [c k + c h+ i-d h+1 + Ct +2 -c 2 * +2 + • • • + c„-c„_s»] = 0, 

where k is used for r, and c„_*" = {^L k ) . Now, each of the quantities in the brackets is equal to zero ; 
for, the general form of the bracketed expressions is c k + c^+i-Ci** 1 + c k+2 -c 2 h+i + • • • + c„ n •(:„_* 
and this is equal to c k [l — Ci n ~ h + c 2 n_ * — • • • (— l) n_ * c„_fc" — *] = c k n (l — I)" - * = 0, for n > k. 

Also solved by A. M. Harding, E. E. Witmer, and the Proposer. 

Note by the Editor: The solution of Mr. Pelletier does not differ greatly from 
solution I by Mr. E. H. Clarke. Problem 481 (Algebra) [May, 1917], also 
proposed by Mr. Moore, is really the same as problem 2699 (or 2710), and has 
been solved by Professor P. H. Safford. 

2702 [May, 1918]. Proposed by N. P. pandya, Sojitra, India. 

A conic of variable eccentricity has a focus and corresponding directrix fixed. The latus 
rectum cuts a fixed circle in A' and B'. If A be the vertex of the conic, find the locus of the 
centroid of the triangle AA'B'. 

Solution by H. L. Olson, Chicago, Illinois. 

If the directrix be taken as the y axis and the perpendicular from the focus to the directrix 
as the x axis, the equation of the conic may be written, 

{(1 - e 2 )cc - fc} 2 + (1 - e% 2 = kH\ 

where k is the (fixed) perpendicular distance from the focus to the directrix. Let the equation 
of the fixed circle be (a; — p) 2 + (y — g) 2 = r 2 . The latus rectum, x = k, of the conic cuts this 
circle in the points for which x = k, y = q iVr 2 — (k — p) 2 . The coSrdinates of the vertex 
A of the conic are x = fc/(l + e), y = 0. Hence, the coordinates of the centroid of the triangle 
AA'B' are 

and its locus is the straight line y = f q. 
Also solved by A. M. Harding. 

2703 [May, 1918], Proposed by S. A. cokey, Albia, Iowa. 

Let A\, A2, Az, At and — (Ai + Ai + A 3 + A 4 ) be the vector sides of a pentagon, plane or 
gauche. Let Bi, Bi, B 3 , B t and — (JSi + B 2 + B 3 + B4) be the sides of a second pentagon 
where 

Bi = (ci + Ci)Ai + (d - c 2 )A 3 , Bi = (d + c s )At + (c t — c 3 )A 1 , 

B 3 = (c 2 + Ci)A 2 + (d — Ci)Ai, B t = (fiz + d)A z + (c 3 — c 4 )Ai, 

ci, c 2 , Cz, and c 4 being ordinary scalars. 

Then, if a r and 6, be the lengths of the sides A r and B, respectively and if cos A,A S denotes 
the cosine of the angle included between the sides A r and A, and if cos B,B, denotes the cosine of 
the angle included between the sides B r and B, prove that 

2(cic 4 + C2C 3 )(aid4 cos AiAi + a&z cos A^Az) = fei& 2 cos BiB 2 + 6364 cos B3B4. 



